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Abstract. A periodic Schrodinger operator on a noncompact Riemannian 
manifold M such that H 1 (M, R) = endowed with a properly discontinuous 
cocompact isometric action of a discrete group is considered. Under some ad- 
ditional conditions on the magnetic field existence of an arbitrary large number 
of gaps in the spectrum of such an operator in the semiclassical limit is es- 
tablished. The proofs are based on the study of the tunneling effect in the 
corresponding quantum system. 



Introduction 

Let M be a noncompact oriented manifold of dimension n > 2 equipped with 
a properly discontinuous action of a finitely generated, discrete group T such that 
M/T is compact. Suppose that H (M, R) = 0, i.e. any closed 1-form on M is 
exact. Let g be a F-invariant Riemannian metric and B a real- valued T- invariant 
closed 2- form on M. Assume that B is exact and choose a real- valued 1-form A on 
M such that dA = B. 

Thus, one has a natural mapping 

u i— ► ih du + A« 

from C£°(M) to the space Oj(M) of smooth, compactly supported one- forms on 
M. The Riemannian metric allows to define scalar products in these spaces and 
consider the adjoint operator 

(ihd + A)* : fiJ(M) -» Cg°(M). 

A Schrodinger operator with magnetic potential A is defined by the formula 

H h = (ihd + A)*(ihd + A). 

Here h > is a semiclassical parameter, which is assumed to be small. 

Choose local coordinates X = (Xi, . . . , X n ) on M. Write the 1-form A in the 
local coordinates as 

n 

A = J2MX)dXj, 
i=i 

the matrix of the Riemannian metric g as 

g( X ) = (jilW)l<j,Kn 

and its inverse as 

.g(A)- 1 = (.^(A))i<^<«- 
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Denote |<?(X)| = det(g(X)). Then the magnetic field B is given by the following 
formula 

B = Bjk dXj A dX k , B jk = — — - — -^—p-- 
~i dXj dX k 

]<k J 

Moreover, the operator H h has the form 

H " ' TOT £, { ih i + A ' m ) [v»'(*> + mx)) 

For any x € M, denote by B{x) the anti-symmetric linear operator on the 
tangent space T X M associated with the 2-form B: 

g x (B(x)u,v) = B x (u,v), u,veT x M. 

Recall that the intensity of the magnetic field is defined as 

Tr+(B(x)) = ]T A,(x) = \Tr{[B*{x) ■ B(x)] 1 / 2 ). 

\j(x)>Q 

It turns out that in many problems the function x i— > h-Ti + (B(x)) can be considered 
as a magnetic potential, that is, as a magnetic analogue of the electric potential V 
in a Schrodinger operator —h 2 A + V. 

In this paper we will always assume that the magnetic field has a periodic set of 
compact potential wells. More precisely, put 

b Q = min{Tr + (B(x)) : x G M} 

and assume that there exist a (connected) fundamental domain T and a constant 
e > such that 

(I) Tr+(S(x)) > 6 + e 0) x £ dT . 

For any e\ < eo, put 

U ei - {x e T : Tr+(B(x)) < b + ci}. 

Thus U ei is an open subset of T such that U tl D dT — and, for t\ < eo, U ei is 
compact and included in the interior of T . Any connected component of U ei with 
ei < eo and also any its translation under the action of an element of T can be 
understood as a magnetic well. These magnetic wells are separated by potential 
barriers, which are getting higher and higher when h — > (in the semiclassical 
limit). 

For any linear operator T in a Hilbert space, we will denote by <r(T) its spectrum. 
By a gap in the spectrum of a self-adjoint operator T we will mean any connected 
component of the complement of cr(T) in K, that is, any maximal interval (a, b) 
such that 

(a, b) n tr(T) = . 

We will consider the magnetic Schrodinger operator H h as an unbounded self- 
adjoint operator in the Hilbert space L 2 (M). The main object of our investigation 
is the gaps in the spectrum of this operator. 

The problem of existence of gaps in the spectra of second order periodic dif- 
ferential operators has been extensively studied recently. Some related results on 
spectral gaps for periodic magnetic Schrodinger operators can be found for example 
in[3II|[TSl[TSl[ni[IHl[inillJll2Ill2ai23l23 (see also the references therein) . 
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In this paper, we will be interested in spectral gaps located below the top of 
potential barriers, that is, on the interval [0, h(bo + eo)]- For such energy levels of 
a quantum particle, the important role is played by the tunneling effect, that is, 
by the possibility for a particle with such an energy to pass through a potential 
barrier. We will demonstrate how the investigation of the tunneling effect allows 
to obtain some information on gaps in the spectrum of the Schrodinger operator in 
the given energy interval. 

The results of the paper were partially obtained during our stay in the Isaac 
Newton Institute of Mathematical Sciences, Cambridge, to whom we express our 
gratitude for hospitality and support. 

1. Tunneling effect and localization of the spectrum 

In this Section, we briefly recall the key result on localization of the spectrum 
of the magnetic Schrodinger operator H h obtained in [7] , which follows from the 
semiclassical analysis of the tunneling effect for the corresponding quantum system. 

For any domain W in M, denote by the unbounded self-adjoint operator 
in the Hilbert space L 2 (W) defined by the operator H h in W with the Dirichlct 
boundary conditions. The operator is generated by the quadratic form 

u i-> qw[ u \ '■= \ \(ihd + A)u\ 2 dx 
Jw 

with the domain 

Dom(qh) = {ue L 2 {W) : {ih d + A)u e L 2 & (W),u\ dw =0}, 

where L 2 il 1 (H / ) denotes the Hilbert space of L 2 differential 1-forms on W, dx is 
the Riemannian volume form on M. 

Assume now that the operator H h satisfies the condition (TTJ). Fix t\ > and 
£2 > such that t\ < e 2 < eo, and consider the operator associated with the 
domain D = U C2 . The operator has discrete spectrum. 

The investigation of the tunneling effect allows to prove that the spectrum of H h 
on the interval [0, h(bo + ei)] is localized in an exponentially small neighborhood of 
the spectrum of H^. 

Theorem 1.1 ([7]). Under the assumption (Qp, for any t\ < 62 < £0i there exist 
C, c, ho > such that, for any h £ (0, ho] 

a(H h ) n [0, h(b + ei)] C {A e [0, h(b + e 2 )] : dist(A, ct(#£)) < Ce~ c ^}, 

a(H^) n [0, h(bo + ei)] C {A e [0, h(bo + e 2 )] : dist(A, o-{H h )) < C e - c/VK }. 

A slightly weaker version of this theorem (which uses the largest absolute value 
of the eigenvalues of B(x) instead of Tr + (B(x))) was proved by Nakamura in [25] , 

The proof of Theorem II .11 uses the approach to the study of the tunneling effect 
in multi-well problems developed by Helffer and Sjostrand for Schrodinger opera- 
tors with electric potentials (see for instance [TH [T3] ) and extended to magnetic 
Schrodinger operators in [TU [3] . Since the operator H h is not with compact resol- 
vent, we do work not with individual eigenvalues, but with resolvents and use the 
strategy developed in [I3l [15l 2] for the case of electric potential and in [5] for the 
case of magnetic field. 

The idea of the proof is to construct an approximate resolvent R h (z) of the 
operator H h for any z, which is not exponentially close to the spectrum of Hfe, 
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starting from the resolvent of Hp and the resolvent of the Dirichlet realization of 
H h in the complement to the wells. The proof of the fact that the error of the 
approximation is exponentially small is based on Agmon-type weighted estimates 
(cf. [T] and their semi-classical versions in [T2] for the case of Schrodinger operators 
and [9] for the case of magnetic Schrodinger operators). 



2. QUASIMODES AND SPECTRAL GAPS 

Theorem 11.11 reduces the investigation of gaps in the spectrum of the operator 
H h to the study of the eigenvalue distribution for the operator Hp. Actually, it 
turns out that, in order to show the existence of arbitrary large number of gaps 
in the spectrum of H on some interval, it suffices to construct arbitrarily long 
sequences of approximate eigenvalues of on this interval located far enough 
from each other. This observation is formulated more precisely in the following 
theorem. 

Theorem 2.1. Let N > 1. Suppose that there is a subset Hq < /i^ < • • ■ < Mat °f 
an interval 1(h) C [0, h(bo + ei)) such that 

(1) There exist constants c > and M > 1 such that 

$ ~ > ch M , j = l,...,N, 

(2) 

dist(/4, 81(h)) > ch M , dist(/4, 81(h)) > ch M , 

for any h > small enough; 

(2) Each = 0, 1, . . . , N, is an approximate eigenvalue of the operator H^: 
for some v'j G C^°(D) we have 

(3) \\H^-^\\= aj (h)\\v^l 

where (Xj(h) — o(h M ) as h — * 0. 

Then the spectrum of H h on the interval 1(h) has at least N gaps for any sufficiently 
small h > 0. 

Proof. Recall the following well-known estimate, which holds for any self-adjoint 
operator A in a Hilbert space: 

\\(A-\I)- 1 \\ = l/d(\ 1 a(A)), X^a(A). 

By this fact and ([3]), it follows that, for any j = 0,1,..., TV, there exists Xj E 
a(H^)nl(h) such that 

(4) \ h 3 -^^o(h M ), h^0. 
By © and (g]), we have 

\';-X^_ 1 >ch M , j = l,...,N, 

for any h > small enough. 

Recall also a rough estimate for the number Nh(a,{3) of eigenvalues of on 
an arbitrary interval (ha, h(3) (see, for instance, O Lemma 4.2]): for some C and 
h 

(5) N h (a,f3)<Ch- n , Vh€(0,ho}. 
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Lemma 2.2. Let M > and c > 0. There exist C > and hi > swc/i ihai, if a h 
and /3 are two points in the spectrum of H h on the interval 1(h) with (3 h — a h > 
ch M , then, for any h £ (0, hi], the spectrum of H h has at least one gap in the 
interval (a h ,j3 h ) of length larger than Ch M+n . 

Proof. Divide the interval (a , (3 h ) in [Dh~ n ] equal subintervals with some constant 
D > (here [a] denotes the smallest integer larger than a). By ([5]), it follows that 
if D is large enough, there exists a constant ha > such that, for any h £ (0, h 2 ], 
at least one of these intervals does not meet the spectrum of H^. Consider this 
interval and divide it in three equal parts. By Theorem 1 there exists a constant 
hi > such that, for any h £ (0, hi], the central subinterval of this partition does 
not meet the spectrum of H . Since a h and (3 h belong to the spectrum of H h , it 
is clear that there exists a gap in (a h , /3 ), containing this subinterval. This proves 
the lemma. □ 

By Lemma [2721 each interval (A^, A^ +1 ), j = 0, 1, . . . , N — 1 contains at least one 
gap in the spectrum of H h of length > Ch AI+n , and the spectrum of H h on the 
interval 1(h) has at least N gaps of length > Ch M+n for any h small enough. □ 

3. A GENERAL CASE 

As a first application of Theorem l2.1[ we show that the spectrum of the Schrodin- 
ger operator H h with the periodic magnetic field, having magnetic wells, has gaps 
(and, moreover, an arbitrarily large number of gaps) on the interval [0, h(bo + £o)] 
in the semiclassical limit h — > 0. Under some additional generic assumption, this 
result was obtained in [7]. 

Theorem 3.1. Under the assumption ([!]], there exists, for any natural N, ho > 
such that, for any h € (0, ho], the spectrum of H h in the interval [0, h(bo + 6q)} has 
at least N gaps. 

Proof. Keep notation of Section [T] Fix some natural N. Choose some 

&o < Mo < Mi < • • • < A*iV < b + ei. 
For any j = 0, 1, . . . , N, take any Xj £ D such that 

Tr+(B(x j ))= H . 

Choose a local chart fj : Uj — + R n defined in a neighborhood Uj of Xj with local 
coordinates X = (Xi, X 2 , ■ ■ ■ , X n ) £ E n . Suppose that fj(Uj) is a ball B = B(0,r) 
in K n , fj(xj) = 0, the Riemannian metric at Xj becomes the standard Euclidean 
metric on R n and 

B ( a; j) = X] NkdX 2 k-i A dX 2 k- 

k=l 

Let ifj be a smooth function on B such that 

\A(X)-d^(X)-A^(X)\<C\X\\ 

where 

dj 

A](X) = ^J2 (X 2k _idX 2k - X 2k dX 2k _i) . 

k=\ 
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Write X" = (X2d j +i, ■ ■ ■ ,X n ). Let \j be a smooth function on D with support 
in a neighborhood of Xj and satisfying near Xj, Xj( x ) = 1- Let v'j G C^°(D) be 
defined as 

= exp (-^) exp ^--L £ Mjfc(^2fe-i + j exp (-^) • 

It is shown in the proof of Theorem 2.2 from [D that 

\\{H h D -h^\\<Ch^\\v% 

So the result follows from Theorem 12.11 with /i^ 1 = hfij and M = 1. □ 

4. Potential wells with the regular point bottom 

One can get a more precise information on location and asymptotic behavior 
of gaps in the spectrum of a magnetic Schrodinger operator with magnetic wells, 
imposing additional conditions on the bottom of the magnetic well. In this Section, 
we consider a case when the bottom of the magnetic well contains zero-dimensional 
components, that is, isolated points, and, moreover, the magnetic field behaves 
regularly near these points. More precisely, we will assume that, for some integer 
k > 0, if B(xq) — 0, then there exists a positive constant C such that for all x in 
some neighborhood of Xq the estimate holds: 

(6) C^dix, x ) k < Tr + (B(x)) < Cd(x, x ) k 

(here d(x,y) denotes the geodesic distance between x and y). 

In this case, the important role is played by a differential operator in R n , 
which is in some sense an approximation to the operator H h near xq. Recall its 
definition [5]. 

Let Xq be a zero of B. Choose local coordinates / : U(xq) — > K™ on M, defined 
in a sufficiently small neighborhood U(xq) of x Q . Suppose that /(So) = 0, and the 
image f(U(xo)) is a ball B(0, r) in R™ centered at the origin. 

Write the 2-form B in the local coordinates as 

B(X)= h m (X)dX l AdX m , X = (X 1 ,...,X n )eB(0,r). 

l<Km<n 

Let B° be the closed 2-form in M" with polynomial components defined by the 
formula 

l<l<m<n\a\=k 

One can find a 1-form A on W 1 with polynomial components such that 

dA°(X) =B°(X), X e r. 

Let be a self-adjoint differential operator in L 2 (M. n ) with polynomial coeffi- 
cients given by the formula 

K ] i Q = (ihd + A°)*(ihd + A ), 

where the adjoints are taken with respect to the Hilbert structure in L 2 (M. n ) given 
by the flat Riemannian metric (gi m (0)) in R n . If A is written as 

A = A\ dX! + ... + A° n dX n , 
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then Kg is given by the formula 

l<l,m<n x / \ / 

The operators have discrete spectrum (cf, for instance, [TTJ [5]). Using the 

i , 
simple dilation X i— > h k + 2 X, one can show that the operator if" is unitarily 

equivalent to h k + 2 K± Q . Thus, h k + 2 K^ has discrete spectrum, independent of 
h. 

Theorem 4.1. Suppose that the operator H h satisfies the condition (QP with some 
eq > and there exists a zero Xo of B, B(xq) — 0, satisfying the assumption 
for some integer k > 0. Then, for any natural N, there exist constants C > 
and ho > smc/i that the part of the spectrum of H h , contained in the interval 

2fc + 2 

[0, Ch k + 2 }, has at least N gaps for any h G (0, ho). 

Proof. Fix ei and £2 such that < e\ < £2 < £o and consider the operator Hp 
associated with the domain D = U e2 . Denote by Ai < A2 < A2 < . . . the eigenvalues 
of the operator K\ a (not taking into account multiplicities). 

For any j £ N, let Wj € L 2 (W ) be any eigenfunction of K^ o corresponding to 

2fc + 2 

the eigenvalue h k + 2 Xj. Let ^ be a compactly supported cut-off function in the 
neighborhood U{xo) of x~o as above equal to 1 in a neighborhood of xo- Define 

As shown in the proof of Theorem 2.5 in [9], we have 

H h D -h-^X ] )v } y\\<C j h-^\\v% 
For a given natural N, choose any constant C > Xn+i- Then the result follows 

, 2fc+2 

from Theorem [2711 with /xy = h k + 2 Xj, j — 1, . . . , N + 1. □ 
5. Potential wells with the one-dimensional bottom 

In this section we consider the case when the manifold M is an oriented two- 
dimensional Riemannian manifold, and the zero set of the periodic magnetic field 
B contains a one-dimensional non-degenerate compact component. More precisely, 
suppose that: 

• b a = 0; 

• the zero set of the magnetic field B has a connected component 7, which is 
a bounded smooth curve; 

• there are constants fcgN and C > such that for all x in some neighbor- 
hood of 7 the estimates hold: 

(7) C^dix, 7 ) fc < \B(x)\ < Cd(x, j) k . 

In particular, for k = 1 the last condition means that VB does not vanish on 7. 

On compact manifolds, this model was introduced for the first time by Mont- 
gomery [21] and was further studied in [21 [551 IS] • I n this paper we consider the 
problem of existence of gaps for this model in a simple particular case. Namely, we 
assume that the leading term of the Taylor expansion of the magnetic field B at 7 
is constant along 7. More precisely, write the volume 2-form B as 

B = B(x)w, x S M, 
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where u> is the Riemannian volume form on M. Denote by N the external unit 
normal vector to 7. Let N denote an arbitrary extension of N to a smooth vector 
field on M . Consider the function 0i on M given by the formula 

Pi(x) = N k B{x), xeM. 

By (O, it is easy to see that 

/3i(x)^0, 167. 

Our assumption is that the restriction of /3i to 7 (which is independent of the choice 
of smooth extension N) is constant along 7: 

(8) fli{x) = Pi — const, x € 7. 

For k = 1, this condition means that the length of the gradient \VB\ is constant 
along 7. 

Theorem 5.1. Under the given assumptions, for any natural N there exist con- 
stants C > and ho > such that the part of the spectrum of H h contained in the 

2fc + 2 

interval [0, Ch k + 2 } has at least N gaps for any h £ (0, ho). 

Proof. Choose a normal coordinate system (x, y) in a tubular neighborhood U of 
7. Thus, x € [0,i) = S\ = M./LZ is the natural parameter along 7 (L is the 
length of 7), 7 is given by the equation y = 0, and y 6 (— eoi^o) is the natural 
parameter along the geodesic, passing through the point on 7 with the coordinates 
(x, 0) orthogonal to 7. It is well known that in such coordinates the metric g has 
the form 

9 = a(x,y) 2 dx 2 +dy 2 , 



where 

Write 
and 



o(a;,0) = 1, 1^,0) =0. 
ay 

A = Aidx + A 2 dy 

B = b(x, y)dx A dy, h= ~^^~^- 
The external unit normal vector to 7 has the form 

d 
dy 

and one can take a smooth extension N as 

d 



Thus, we have 



and 



N = i 
dy 



d j b 

— (x,0) = 0, j = 0,l,...,fc-l. 

dy 3 



i:) k 



<9 fe 6 



As above, denote by iJ^> the unbounded self-adjoint operator in L 2 (D) given by 
the operator H in the domain D — U with the Dirichlet boundary conditions and 
by \\ < A2 < ■ ■ • < < . . . the eigenvalues of H%. 
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Adding an exact one form d<f>(x) to A, without loss of generality, we can assume 
that 

A 1 (x,0) — a 1 = const. 
Consider the self-adjoint operator H h >° in L 2 (S\ x R) defined by the formula 

Hh '° = - ^ + (^ + ai+ (fcTT)I^ +1 ) 2 ' x " sl yeR - 

By [SI Theorem 2.7], the operator H h '° in L 2 (S\ x R) has discrete spectrum. 
We construct some eigenfunctions of H '°, using separation of variables. Consider 
a function u £ i 2 (5*i x R) of the form 



; ffiO 

- 2 



u{x, y) = e 2 ™ V — x v{y), x £ S\, ye 



with some v £ L 2 (R, dy) n C°°(R) and p(/i) £ Z. Then 

ff h '°tt(aj, y) = e 2 ^ x H (h, (3(h)) v(y), 

where 

PW = — ^ "i 

and 

For any a > the dilation operator 

(T(a)f)(y)=V^f(ay), f £ L 2 (R,dy), 
is a unitary operator in L 2 (R, dy), satisfying the conditions 

|-T(a) = aT(a)|, y s T(a) = a^T(a)y s . 

Using these relations, it is easy to check that the identity 

H(h,/3)T(a) = a- {2k+2) T(a)H(a k+2 h,a k+1 [3) 

holds for any h > 0, a > 0, (3 > 0, and, in particular, 

HQi,p)T{h~T&*) = /i^F#T(^^5)iJ(l,/i-^/3). 

For any fixed b £ R, the operator H(l, b) has simple discrete spectrum 

fii(b) < fMs(b) < . . . , fij(b) — ► +oo, 

where /ij(6) are continuous functions. Fix a natural A. Then there exist an interval 
(b\, 62) and a system of disjoint intervals (cj, Cj),j = 1, 2, . . . , N, c\ < C\ < o% < 
... < Cn-i < cjv < Cjv such that, for any b £ (61,62), the inclusions /U?(6) £ 
(cj, Cj),j — 1,2, ... ,N hold. Choose p(h) £ Z so that 



61 < h < 6 2 , 



or, equivalently, 



— (ctih 1 + 61/1 fc + 2 ) < < — (cti/i 1 +b 2 h k + 2 ). 
2tt 2tt 



Such &p(h), clearly, always exists. 
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Let vj G L 2 (R,dy) H C°°(R) be the eigenfunction of H(l, h' 1 ^^ (3(h)), corre- 
sponding to the eigenvalue (jtj(h~ 1 '^ e+2 ^ /3(h)): 

H (l,/ l - 1 /( fc+2 )/3(/ l )) vj = m (h-^+Vpihj) Vj . 

Thenuj 1 = T^-VCfc+a))^ 

is an eigenfunction of if (h, (3(h)) with the corresponding 

eigenvalue 

^ = h^^((3(h)), 

and, therefore, the function 

u)(x,y) = e 2 ^ x v^(y) 
is an eigenfunction of H h '° with the same eigenvalue: 

H h '°u h j = $u h j. 

Thus, we have shown that, for any natural N , there exists N eigenvalues frff < 
fitj; < . . . < /Ltjy of if"' (generally speaking, not consecutive) such that 

l^ +1 -f^>Ch^, j = l,2,...,N-l. 
The normal coordinate system (x, y) defined above gives a diffeomorphism 

6 : Si x (-e ,e ) -> n, 

onto a tubular neighborhood f2 of 7. Let xo be a cut off function supported in 
Si x (— £0, £0) and equal to 1 in a neighborhood of Si x {0}. Then, by [HI Theorem 
2.7], we have 

\\(H h D - $)( Xo u}) o e- 1 !! < ch 2 -^ \\ Xo u% j = 1, 2, . . . , jv. 

Theorem 12. II completes the proof. □ 

6. Concluding remarks 

In [21], one considered the case when all the zeroes of B are isolated points, 
satisfying the assumption ((6|) for some integer k > 0. In this case one can get a 
more precise information about location of spectral gaps. 

Theorem 6.1 f[21j). Suppose that there exists at least one zero of B, and all the 

zeroes of B are isolated points, satisfying the assumption (0) for some integer k > 0. 
Then there exists an increasing sequence {X m ,m € N}, satisfying the condition: 
X m — * 00 asm^oo, such that, for any a and b such that X m < a < b < X m +i for 
some m, 

2k + 2 2k + 2 u 

[ah^,bh^}n<r(H h )=(d, 
for any h > small enough. 

As a direct consequence of Theorem 16. 11 we get another proof of Theorem 14. II in 
this particular case. 

The numbers {X m ,m 6 N} in Theorem 16.11 are the eigenvalues of a so called 
model operator K h , which is defined as follows. Choose a fundamental domain 
T C M so that B does not vanishes on the boundary of T . Let {xj \ j — 1, . . . , K} 
denote all the zeroes of B in T; x\ 7^ Xj, if i 7^ j. The operator K h is a self-adjoint 
operator in L 2 (W n ) K given by 

K h = K%. 

l<j<K 
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The proof of Theorem 16.11 given in [21] makes use of abstract functional-analytic 
methods developed in [20j (see also a survey paper |22J). These methods were 
developed for the study of similar questions for a periodic magnetic Schrodinger 
operator 

= (id + A)*(id + A) + t r 2 V(x), 

with a T-invariant Morse potential V > on the universal covering M of a compact 
manifold in the strong electric field limit (p — > 0), where, as above, we assume 
that the 2-form B = dA is T-invariant (here T — ni(M)). Indeed, they allow to 
obtain stronger results than the existence of gaps in the spectrum, namely, to prove 
Murrey-von Neumann equivalence of the corresponding spectral projections of 
and the associated model operator (see [201 H2] f° r details). 

Observe, however, that, using Theorem 11.11 and making full use of Theorem 2.5 
in [5] (that provides a more complete information on the whole spectrum of H 1 ^, 
not only the construction of some approximate eigenvalues as it was needed for the 
proof of Theorem 14. ip , one can easily give another proof of Theorem 16.11 

On the other side, it is much easier to construct approximate eigenvalues, showing 
the existence of some eigenvalues for Hp , than to localize completely its spectrum. 
Therefore, the scheme of a proof of existence of spectral gaps suggested in this 
paper could be very efficient for treating cases where we know how to construct 
approximate eigenvalues, but the treatment of the whole spectrum could be more 
difficult. One could mention two cases where this idea should definitely work: 

(1) The two-dimensional magnetic Dirichlet problem studied in [10] (see, in 
particular, |10[ Theorem 7.3]). 

(2) The more generic Montgomery model considered in [6]. 
These cases will be discussed elsewhere. 
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